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. Abstract 

I Recall that the radius of a compact metric space {X, dist) is given 

by rad X = m.m.x^x '^^'^-y^x dist{x,y). In this paper we generalize 
. Berger's ^-pinched rigidity theorem and show that a closed, simply 

I connected, Riemannian manifold with sectional curvature > 1 and 

radius > ^ is either homeomorphic to the sphere or isometric to a 
compact rank one symmetric space. 



The classical sphere theorem states that a complete, simply connected 
Riemannian n-manifold with positive, strictly 1/4-pinched sectional curva- 
ture is homeomorphic to ([Berl], [K], and [Rch]). The weakly 1/4-pinched 
^ ' case is covered by 

... 

Berger's Rigidity Theorem Let M he a complete, simply connected Rie- 
mannian n-manifold with sectional curvature, 1 < sec M < 4. Then either 

(i) M is homeomorphic to 5", or 

(ii) M is isometric to a compact rank one symmetric space. 
([Ber2]) 

The hypotheses of Berger's Theorem imply (with a lot of work) that the 
injectivity radius of M satisfies inj M > ^ ([CG2] or [KS]). The diameter 
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therefore, also satisfies diam M > 7t/2, and the class of complete Riemannian 
manifolds with 

sec > 1 and diam > 7r/2 (*) 

contains Berger's class. The former class is in fact, much vaster, since it 
contains, for example, metrics with arbitrarily small volume (see [Ber3] and 
Example 2.4 in [GPl]). 

On the other hand, the set of smooth manifolds admitting metrics satis- 
fying (*) is nearly the same as for Berger's class. Indeed, in [GGl] GromoU 
and Grove extended Berger's Rigidity Theorem and the Diameter Sphere 
Theorem ([GS]) in proving the 

Diameter Rigidity Theorem: Let M be a complete, simply connected 
Riemannian n-manifold with sectional curvature sec M > 1 and diameter 
diam M > 7r/2. Then either 

(i) M is homeomorphic to S'^, 

(ii) M is isometric to a compact rank one symmetric space, or 

(iii) M has the cohomology algebra of the Cayley Plane, CaP^. 

An open question regarding this theorem is whether the possibility (iii) 
can be removed from the conclusion. This seems to be a very difficult prob- 
lem; however, there is a natural hypothesis that falls between those of the 
two rigidity theorems. Observe that the hypothesis inj M > 7r/2 (which is 
satisfied by Berger's class) implies that given any point x G M, there is a 
point y E M so that dist{x,y) > n/2. This later condition can be expressed 
succinctly in terms of a well known metric invariant called the radius. 

Definition 1 (Radius) Let {X, dist) be a compact metric space. The radius 
of X is given by, 

rad X = mmmeix dist{x,y). 

(The concept of radius was invented in [SY]. The name radius was first used 
in [GP2].) 

Clearly inj M > 7r/2 =^ rad M > 7r/2 =^ diam M > 7r/2, suggesting the 
following generahzation of Berger's Rigidity Theorem. 



2 



Radius Rigidity Theorem: Let M be a complete, simply connected Rie- 
mannian n-manifold with sectional curvature sec M > 1 and radius rad M > 
7r/2. Then either 

(i) M is homeomorphic to S"", or 

(ii) M is isometric to a compact rank one symmetric space. 

A crucial step in the proof of the Diameter Rigidity Theorem is to show- 
that if M is not homeomorphic to S'^, then there are certain points x whose 
unit tangent sphere is mapped via v exp^ onto the cut locus of x, and 
that this map is a Riemannian submersion with connected fibers. Since the 
unit tangent sphere is isometric to the unit sphere S"' C M""*"^, the classifi- 
cation theorem from [GG2] can be invoked. It states that up to isometric 
equivalence the only Riemannian submersions of Euclidean spheres (with 
connected fibers) are the Hopf fibrations, except possibly for fibrations of 
the 15-sphere by homotopy 7-spheres. It was shown in [GGl] that if the 
exception could be removed from the submersion theorem in [GG2], then 

(iii) can be removed from the statement of the Diameter Rigidity Theorem 
(see Remark 4.4 in [GGl]). Although we have not been able to remove the 
exception from the submersion classification, we have proved the following. 

Main Lemma 2 LetS''{r) denote {v e | \\v\\ = r}. LetU : S^^{1) — > 
V be a Riemannian submersion with connected, 7 -dimensional fibers, and let 

G be the set of points v & V so that Il~^{v) is totally geodesic. 

Then either G is discrete or G is a totally geodesic and isometrically 
embedded copy of S\^) for some 1 < / < 8. 

Moreover, in case G is discrete, either 

dist{x, y) — — for some k,q & N so that q ^ mod A, or 

TT 

dist{x,y) = - (3) 

for all x,y & G. 

The Riemannian manifolds with 

TT 

sec M > 1, diam M > —, and nontrivial fundamental group (**) 
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were completely classified in [GGl]. Naturally, the class with sec M > 1, 
rad M > I, and nontrivial fundamental group is contained in (**). It is not 
difficult to prove that this containment is proper. 

Theorem 4 Let M he a closed, Riemannian n-manifold with sectional cur- 
vature sec M > 1, radius rad M > |, and nontrivial fundamental group T. 
Then either 

(i) The universal cover M of M is isometric to S"'{1), and every orbit of the 

action ofV is contained in a proper invariant totally geodesic suhsphere, 
or 

(ii) For some d > 2, M is isometric to the T^-quotient of CP^'^~^ given by 

the involution 

[Zi, Z2, ■ ■ ■ , Z2d\ >■ [Zd+1, ■ ■ ■ , Z2d, —^1, ■ ■ ■ , —Zd] 

in homogeneous coordinates on CP"^'^"^. 

Moreover, all such spaces have sec M > 1 and rad M > | . 

Recall ([W]) that a representation p : F — > 0(n + 1) is called fixed point 
free if and only if S'^{1)/ p{T) is a space form. 

The actions of the groups in (i) are necessarily reducible; however, it is 
not immediately apparent (at least to the author) exactly which (reducible) 
space forms satisfy the conclusion of (i). As a partial answer we will prove 

Theorem 5 Let p : T — > 0{n + 1) be a fixed point free representation that 
decomposes as a direct sum 

Pi e P2 e • • • © Pfc 

of k >2 irreducible representations. 

(i) A necessary condition for 5'"(l)/p(r) to have radius — ^ is that pi be 

equivalent to pj for some i ^ j- 

(ii) In case F is abelian (i) is also a sufficient condition. 

(iii) IfV is not abelian and p : T — ^ 0{d) is a fixed point free, irreducible 
representation, then rad < | . 
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(iv) If rad S'"(l)/p(r) = | and a : T — > 0{d) is another fixed point free 
representation ofT, then rad (p0^)|p) = f ■ 

(v) There is a ko (depending onT) so that if k > ko, then rad S'"(l)/p(r) = 

TT 

2 • 

Given a smooth manifold M, the tangent and unit tangent bundles of 
M will be denoted by TM and SM respectively. If V C M is a smooth 
submanifold, then the normal bundle of ^ in M will be denoted by NV. 
When there is no possibility of confusion we denote 5'"(1) by S*". 

For simplicity we abbreviate compact rank one symmetric space as CROSS. 
All geodesies will be parametrized by arc length on [0, ■] unless otherwise in- 
dicated. 

The remainder of the paper is divided into four sections and an appendix. 
The first two sections contain the proof of the main lemma and a review of 
certain material from [GGl]. The Radius Rigidity Theorem is proved in 
section 3, and Theorems ^ and ^ are proven in section 4. In the appendix, 
we give the proof of an inequality that is used in the proof of the main lemma. 
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editing. Finally, I wish to acknowledge that the beautiful work in [GGl] and 
[GG2] has been a true inspiration to me. 



1 Reflecting Good Points 

First we review some basic facts about Riemannian submersions. Recall that 
if TT : M — > B is a Riemannian submersion, then the vectors tangent to the 
fibers are called vertical vectors and the vectors perpendicular to the fibers 
are called horizontal vectors. We denote these two subbundles of TM by 
VM and HM respectively. 

The fundamental tensors of a submersion were defined in [O] as follows. 
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For arbitrary vector fields E and F on M the tensor T is defined by 

TeF = (Ve^F-)'' + (Ve^F^Y, 

where the superscripts h and v denote the horizontal and vertical parts of the 
vectors in question. Note that the first summand is the second fundamental 
form of a fiber applied to E^ and F"", and the second term is the shape 
operator of a fiber applied to E^ and F^. 

The other fundamental tensor, A, is obtained by dualizing T, that is, by 
switching all horizontal and vertical parts in the definition of T. Thus 

AeF = {VEnF^y + {VE^F'"f. 

It is shown by O'Neill in [O], that all of the sectional curvatures of M can 
be written in terms of A, T, VA, VT, the sectional curvatures of B, and the 
intrinsic sectional curvatures of the fibers. In particular, he proves that if X 
and Y are orthonormal horizontal vector fields and is a unit vertical field, 
then 

Horizontal Curvature Equation 

K{X, Y) = K{dTTX, dnY) - 3\\AxY\\^, and (6) 

Vertizontal Curvature Equation 

K{X, V) = {{VxT)vV,X) + \\AxVf - ||TyXf . (7) 

We refer the reader to [O] for the statements and proofs of the basic 
facts about T and A and other basic facts and definitions about Riemannian 
submersions that we will use freely and without further mention. 

Now we begin the proof of the main lemma. Let 11, V, and G be as in 
Main Lemma |^. We will call the members of G "good points" . 

Lemma 8 

(i) If X E G, then there is a unique point a{x) E V at maximal distance 
from X, dist{x,a{x)) = |, and a{x) is also in G. 

(ii) V is Wiedersehen at x and a{x), i.e. the cut locus of x is a{x), and the 
cut locus of a{x) is x. Furthermore, the fibers ofU are invariant under 
the antipodal map, and every geodesic in V is periodic with period n. 
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Remark: Gromoll and Grove have proven independently that the fibers of any 
Riemannian submersion with connected fibers of the 15-sphere are invariant 
under the antipodal map (even ones with G — $) ([GG3]). 
Proof: First we review the notion of 

Holonomy Displacement ([H], p. 238, also [GG2], p. 150). Let 7 be a 
geodesic in V. If wc consider all of the horizontal lifts of 7 to S^^, then 
we obtain a family of diffcomorpliisms, ipg^t '■ n~^(7(s)) — > Il~^{'y{t)) given 
by ips,t{^) — where 7^ denotes the unique horizontal lift of 7 with 

lz{s) = Z. 

Now suppose that = Il^^{x) is totally geodesic. Then all horizontal 
geodesies emanating from are in a totally geodesic 7-sphere Fa{x) at time 
Ti/2. Hence Fa(^x) is also a fiber of 11, and Il{Fa(x)) is the desired point a{x). 
This proves (i). 

Since every horizontal geodesic emanating from F^. reaches Fa(x) at time 
7r/2, every geodesic emanating from x reaches a{x) at time it/2, and hence 
is minimal up to time 7r/2. Thus V is Wiedersehen at x and by symmetry 
at a{x). 

It follows that reflection in x is a homeomorphism of V. Hence reflection 
in Fx is an isometry of S^^ that maps fibers to fibers. Similarly, reflection in 

Fa(^x) maps fibers to fibers. But the composition of the two refiections is the 
antipodal map, a, of S^'\ So if we knew that the composition of refiection in 
X with refiection in a{x) were the identity map of V, then we know that the 
fibers are invariant under the antipodal map. 

To establish this, let rx, ra(x), t^f^ and rj?^^^^ be the four reflections. Note 
that rp, o rp^^^^ o rp, o rp^^^^ = aoa = idgir. . So r,, o ra(x) °rxO ra(x) = idy The 
differential d{rxOra(x))a{x) is therefore a linear isometry ofTa{x)V whose square 
is the identity, and hence Ta(x)V has a basis of eigenvectors for d{rxOra{x))a{x) 
with corresponding eigenvalues of either 1 or —1. Suppose v is an eigenvector 
whose eigenvalue is -1. Then -v = d{rx o ra{x))aix)V = d{rx)a{x) - v. This 
implies that the refiection isometry r^, fixes the geodesic c^y : 1 1— > exp^^^-, —tv, 
which is absurd, since c_t,,(^) = x. So the only possible eigenvalue is 1, and we 
can conclude that the fibers are indeed invariant under the antipodal map. 
The invariance of the fibers under the antipodal map implies immediately 
that every geodesic in V is periodic with period tt. □ 

We saw in the proof above that refiection in a totally geodesic fiber is an 
isometry of S^^ that preserves the fibers of H. By using this fact over and 
over again, we can prove 
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Lemma 9 Let x, a{x) & V be good points at maximal distance. Let z G 
V\{x,a{x)} be another good point, and let 7 : [0, 00) — > V be the unique 
geodesic that passes through x,z, and then a{x) so that 7(0) = x. Then 
7(/c ■ dist{x, z)) is a good point for all integers k. In particular, if dist{x, z) 
is an irrational multiple of tt, then all points along 7 are good. 

If G has an accumulation point, then using Lemmas ^ and |^ and the 
fact that G is closed, we see that G contains the image of an entire periodic 
geodesic of length vr. Thus in the indiscrete case it is enough to prove the 
following corollary of the main lemma. 

Corollary 10 // V'' C Gy is totally geodesic in V and isometric to 
for some I > 1, and if there is a good point x G V\V\ then there is a totally 
geodesic set of good points, C V, that contains U {x} and is isometric 
to S'+\l). 

We will focus on the proof of (|10|) for nearly all of the remainder of this 
section. 

Note that x G Gv\V'' implies a{x) G Gy\l^'. So by Lemma ||, dist{x, ■) is 
smooth along VK If dist[x, ■)\vi is not constant, there is therefore some open 
set O C V'^ for which the subset Iq = {q & O \ dist{x, q) is an irrational multiple of tt } 
is a dense Gs. By Lemma ^, the geodesies between x and the points in /(O) 
consist of good points. By continuity, then, all geodesies between x and 
points of O consist of good points. Since a; is a good point and a(x) ^ V'', 
there is a unique minimal geodesic between x and every point in O. Let 
C{0) denote the union of these geodesies. Then G{0)\{x, a{x)} is a smooth, 
(/ + 1) -dimensional submanifold of V composed entirely of good points. 

Now consider a point y & O. Let V'"'^^ be the image of the set of geodesies 
emanating from y which are initially tangent to C(0). It follows from Lemma 
1^ that consists entirely of good points, and by Lemma ^ it is homeo- 
morphic to S''^^. To help understand the infinitesimal geometry of V'''^^ we 
prove the following. 

Lemma 11 // 7 : [0,7r] — > V is a geodesic whose image consists entirely 
of good points, then all radial sectional curvatures of V along 7 are constant 
and equal to 4- 
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Proof: Let 7 be a horizontal lift of 7 to S^^. Let X and X denote the tangent 
fields to 7 and 7 respectively, and let be a vertical unit field along 7 so 
that (VxVy = 0. Then, using the equation for the vertizontal curvatures, 
we find that K{X, V) along 7 is, 

1 = K{X, V) = {{Vj,T)yV,X) + WA^Vf - \\TvXf = \\Aj,Vf. (12) 

It follows from (|1^) that 

the map v ^ Aj^v from VS^^ to HS^^ fl X-^ is bijective. (13) 



Combining this and (|T2D we can show that 

\\Aj^y\\ = 1 for all unit vectors y e HS^^ n X-^. (14) 

Indeed, if {Aj^y,v) were bigger than 1 for some unit vector v G VS^^, then 
we would have \{Aj;rV,y) \ = \ {v,Aj^y)\ > 1, contrary to (p^). On the other 
hand, by (0) and (|I^), y = Aj^v for some unit vector v G ^5*^^, thus 
I i^xV^ ^) I = I {y^ ^xv) I = 1, and \\Ajiy\\ > 1 as well. 

Let y be a unit field along 7 that is perpendicular to X, and let Y denote 
the horizontal lift of Y. Then it follows from (|T^ that 



K{X, Y) = K{X, Y) + 3p^Ff = 1 + 3*1=4. 

□ 



The proof of Corollary 10 in case dist{x, ■)\yi is not constant is completed 
by applying the following result to V^'^^. 

Lemma 15 Let P C TyV be a k-dimensional subspace of a tangent fiber of 
V such that W = expyP is a subset of Gy- Then W is totally geodesic and 
isometric to 5''^(|). 

Proof: Let l : TyV — > TzS^{^) be a linear isometry. It follows from Lemma 
\n\ that the differentials of exp^ ol o exp~^ are isometries along V^~^^, and it 
follows from Lemma |] that exp^ ot o exp~^ ly is an embedding whose image 
is isometric to 5^(1). □ 

To prove Corollary [l^ it remains to consider the case when the restriction 
of dist{x, ■) to V^ is constant. In this case it turns out that 

dist{x, ■)\yi = Tc/A. (16) 
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To see this, first note that for z G V"', 7r/2 = dist{z ^ a{z)) < dist{z,x) + 
dist{x,a{z)) = 2dist{z,x). On the other hand dnausiS^^ ,7i~^(y'')) < 7r/4, so 
dist{x,V^) < 7r/4. 

By combining ([T6|) with Lemma we see that all geodesies from x that 
pass through V'' go through good points at times 0, |, |, and For the 
rest of this section we will study geodesies with this property. Our goal will 
be to prove that all of the points along such a geodesic are good. The first 
step is to estimate the average Ricci curvature along 7. 



Lemma 17 Let'-/ : [0, vr] — > V be a geodesic so that the points '-/{O) , '-/{it /A) , 
7(7r/2), and 7(37r/4) are good, and let {Ei}J^-^ be an orthonormal collection 
of parallel unit normal fields along 7. Then 

r Ric{'y,'y) < 287r, and (18) 
Jo 

r^UWA^E^f <7n, (19) 

where 7 and Ei denote the horizontal lifts of 7 and Ei respectively. 

Proof: Inequality (|19D is clearly a consequence of (18), the equation for hor- 
izontal curvatures, and the fact the the curvature of S^^ is identically 1. So 
it suffices to prove (|18D . 

By Lemma ^ there are no conjugate points along 7 prior to time 7r/2. 
Using this and a "Bonnet-Meyers" type of argument we can show, 

Ki'j, Ei) sin^ 2t < 4 /^^^ sin^ 2t (20) 
Jo Jo 



for alH = 1, . . . , 7 

Suppose (|20|) is false. Then for some / < | and i = 1, . . . ,7, 

Now set Wi = sin(y)£^^(t), and compute the index: 

rl 'jrf ■jrf 'jrf 

I{W,,W,) = {V^sm{j)E,,V^sm{-)E,)-sm'{j){R{Ei,'y)'y,E,)dt = 
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/ -{sm{—)E„\/^V^sm{—)E,) - sm\—){R{Ei,i)i,Ei)dt = 
Jo I I I 

^ sin^j) {E„ E,) - sin^j) {R{E„ 7)7, E,)dt = 

lsm'{^){--{R{E,,^)^,E,))dt 

If (0) holds for some i = 1, ... 7, it follows that I{Wi, Wi) < 0, implying 
that 7|[o,z] is not minimal, a contradiction. 

Applying the same argument to 7|[,r/4,37r/4], 7 1 [71/2,71], and 7 1 [3^4,577/4] shows 



/ ir(7, Ei) cos^ 2t<A cos^ 2t, 

J7r/4 J7r/4 

Ki'j, Ei) sin^ 2t < 4 r sin^ 2t, and 

J7r/2 J7r/2 

(•57r/4 /•57r/4 

/ i\:(7, Ei) cos^ 2t<A cos^ 2t 

J37r/4 J37r/4 



I-k/2 J-k/2 

K{'j, Ei) cos^ 2t < 4 / 

37r/4 J37r/4 

for all i = 1 , ... 7. Combining these with (^) and using the fact that 7 is 
periodic with period vr yields (0). □ 
From ( p]P| ) we get 



Lemma 22 Let 7 be as in Lemma Let &e an orthonormal ba- 

sis for \ 

{V^ViY = Q. Then 



sis for VS}^^Qy and let Vi be an extension of Vi to a vertical field such that 



(23) 



The verification of Lemma ^ is a lengthly but rather routine exercise in 
linear algebra, so we defer it to the appendix. 



The proof of Corollary is completed by combining Lemmas |TT] and |T5 
and Equation with the following result. 

Lemma 24 7/7 : [0,7r] — > V is a geodesic so that the fibers p~"^(7(0)), 
p~-'^(7(7r/4)), p~^(7(7r/2)), and p~^{j{?iTi / A)) are totally geodesic, then all of 
the fibers p~^{'~f{t)) are totally geodesic. 
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Proof: Let {V,}J^ I be as in the statement of (^). Averaging vertizontal 
curvatures along 7 we find 

£j^,^,{R{V,A)A,V;i= |^^J^,^,^{Tvy^A) + \\A^V,f-\\TvM'dt (25) 

Tlie first term on the right is equal to 

All of these terms are zero, since 7(0) = 7(7r) is a good point. Thus (^) 
becomes 

7n= [ J:1,{R{V,A)A,V^ = I T.U\\W,V-\\TvM?dt. 

J'7 J -7 



Combining this with (^31) shows 

/ Y.U\\TyM?dt = Q. 

Thus Tv;7 = 0, and hence 

tA = ^ioi a\\v eVS^%. (26) 

It turns out that the condition ( p6D implies that all of the Holonomy 
Displacement maps for 7 are isometrics. This and the fact that the fiber 
7r~^(7(0)) is totally geodesic yields the conclusion of Lemma 

So it remains to see that the above Holonomy Displacement maps, ips^ti 
are isometrics. Consider a curve c : [0,/] — > n~^(7(to)) with ||c|| = 1 and 
the variation W{s, t) of c that is given by W{s, t) = ipto,t{^{s)). The variation 
field of W along c is the horizontal lift of 7(^0)- Denote it by X. By the first 
variation formula, we have 

Length[W{;t)] = (X,c)|[,- f\x,V,c) = 

Jo 



dt 



Jo 



The second equality is due to the properties of T and the facts that X is 
horizontal and c is vertical. The last equality follows from (|26|). □ 

To complete the proof of the main lemma, we note that if G is discrete, 
then by Lemmas ^ ^ and |2^, the equations in (^) hold. 
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2 Review of the Diameter Rigidity Theorem 



If M satisfies the hypotheses of the Radius Rigidity Theorem, then M also 

satisfies the hypotheses of the Diameter Rigidity Theorem, so the only way 
M can fail to satisfy the conclusion of the Radius Rigidity Theorem is if it 
has the cohomology algebra of CaP^. We assume throughout sections 2 and 
3 that sec M > 1, Rad M > 7r/2, 7ri(M) = {e}, and H*{M) ^ H*{CaP^), 
and we attempt to show that M is isometric to CaP'^. 

By the Diameter Sphere Theorem ([GS]), diam M = n/2. We would like 
to focus on this property for awhile; so let iV be a Riemannian n-manifold 
with sec N > 1, iii^N) = {e}, and diam N = it/2, that is not homeomorphic 
to S'^. Many basic aspects of the geometry of N can be described in terms 
of so called dual sets ([GGl]). (Cf also [Sa], [Sh], and [SS].) 

Definition 27 (Dual Sets) For any subset B G N, the dual set of B is, 

B' ^{xeN \ dist{x, B) = 7r/2} 

The following properties of dual sets were observed in [GGl] (cf also [Sa], 
[Sh], and [SS]). 

(i) B' is totally 7r-convex, that is, any geodesic of length strictly less than tt 

whose end points lie in B' lies entirely in B' . 

(ii) B C B". 

(iii) If A c S, then A' D B'. 

(iv) B' = B"'. 

It follows from (i) and [CGI] that 5 is a topological manifold with (possi- 
bly empty) boundary and smooth, totally geodesic interior. If we start with 
a set B so that B' $ and set A = B', then A = {AJ. Thus 

A = {x e N \ dist{x, A') = 7r/2} and A' = {x e N \ dist{x, A) = 7r/2}, and 

A and A' are called a dual pair. 

The proof in [GGl] proceeds from this point to use comparison theory 
and other geometric and topological tools to argue that the geometry of 
is more and more like the geometry of a CROSS. For example, it is shown 
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that dA = dA' = 0, that cutlocus(yl) = A' and cutlocus(y4') = A, and that 
for any p & A the map Up : UNAp — > A' from the unit normal sphere to 
A at p to A' given by Ilp{u) = exp(^-u) is a Riemannian submersion with 
connected fibers. This allows them to apply the classification theorem in 
[GG2] and conclude that Up is isometrically equivalent to a Hopf fibration 
(except possibly if the fibers are 7-dimensional). The proof is completed with 
further comparison arguments. The exception to the conclusion is accounted 
for by the fact that the classification in [GG2] is not quite complete. It leaves 
open the possibility of nonstandard Riemannian submersions of the 15-sphere 
by homotopy 7-spheres. On the other hand, using arguments from [GGl] it 
is easy to prove that this is the only possible obstruction. 

Proposition 28 // has a dual pair {A, A') such that one of the submer- 
sions Up is isometrically equivalent to a Hopf fibration, then N is isometric 
to a CROSS. 

Proof: Say p E A, and lip is isometrically equivalent to a Hopf fibration. It 
was shown in [GGl] (p. 236) that it is enough to find a dual pair {q}, {q}', 
where {q} is a singleton and II^ is isometrically equivalent to a Hopf fibration. 
So we may assume that A ^ By the Diameter Rigidity Theorem, we may 
assume that has the properties of the possibly exceptional manifold M, on 
page ^secN > 1, Rad N > 7r/2, Tri{N) = {e}, and H*{N) = H*{CaP^). 



So we can refer to N as M. We also know that A' is isometric to a CROSS, 
P"(ir). It was observed in [GGl] (p. 236) that the dual set B (in A') of 
any singleton {x} C A' is isometric to P"^~^{K), and that the double dual of 
{x} (in M) is again {x}. It follows from the convexity properties of A' that 
the fibers of the submersion 5*^4^ — > B are also fibers of the submersion 
Ha; : SMx — *■ {x}' , and it follows from our simplifying assumptions that the 
dimension of these fibers is < 7. Therefore the submersion H^. is equivalent 
to a Hopf fibration and M is isometric to a CROSS. □ 

We now restrict our attention to the possibly exceptional manifold M. 

Proposition 29 

(i) The set of dual pairs is a covering of M. 



(ii) Every dual pair consists of a singleton and a set that is homeomorphi 

to 

(iii) // {p, V) and {q, W) are distinct dual pairs, then V (IW is a point. 
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Proof: (i) is an immediate consequence of properties (ii) and (iv) of dual sets 
and the fact that rad M = n/2. 

To prove (ii) first note that if (p, V) is a dual pair and V is not 8- 
dimensional, then the Riemannian submersion Up : SMp — > V is isometri- 
cally equivalent to a Hopf fibration; so M is isometric to a CROSS. If V is 
8-dimcnsional, then the fibers of Hp are homotopy 7-sphcrcs (sec Theorem 
5.1 in [Br]). It follows from the long exact homotopy sequence of the fibra- 
tion lip that y is a homotopy 8-sphere, and hence a topological 8-sphere. 
Finally, if there is a dual pair [A, A') so that neither A nor A' is a point, 
then 1 < dim NSp < 14, and the submersion Up is equivalent to a Hopf 
fibration. 

To prove (iii) observe that since sec M > and dim V+dim W = dim M, 
a Synge Theorem type of argument shows that V (IW $ (see [F] and 
also Proposition 1.4 in [GGl]). Next observe that V D W = {p, so 
{V r\W,{Vr\ W)') is a dual pair. By (ii), one of these dual sets is a point. 
Since p,q E {V H W)', we conclude that (V fl W) is a point. □ 

If {p, V) is a dual pair, then we will (optimistically) refer to V" as a Cayley 
line. This name is partially justified by the fact that once we have proven 
that M is isometric to CaP^ we will know that all of these Vs are isometric 
to CaP\ 

3 Intersecting Cayley Lines 

In this section we prove the Radius Rigidity Theorem. 

If (p, V) is a dual pair, then we have seen that it is enough to show 
that the submersion Up : Sp — > V is isometrically equivalent to the Hopf 
fibration S'^ S^^ — > S^. This holds if its fibers are totally geodesic (see 
[Rj]). Roughly speaking, the strategy of our proof is to find dual pairs (p, V) 
so that Up contains more and more totally geodesic fibers. Our method for 
finding totally geodesic fibers will be to find more and more "good points" 
in M. 

Definition 30 (Good Point) // (p, V) is a dual pair, then we shall call a 
point X & V good if and only ifllp^{x) is totally geodesic. A point m & M 
will be called good if and only if m E Gw for some Cayley line W C M. The 
sets of good points in V and M will he denoted by Gy and Gm respectively. 
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The fact that Gm is rather large is a consequence of Proposition and the 
next result. 



Proposition 31 Let {p, V) be a dual pair. 

(i) A point X & V is good if and only if there is a Cayley line W so that 

vnw = {x}. 

(ii) Gm is closed. In fact, m E Gm if and only if there are points x,y E M 

so that dist{x,m) = dist{m,y) = dist{x,y) = |. 

Remark: Gromoll and Grove proved independently that G]\i 7^ ([GG3]). 
Proof: If there is a dual pair {z, W) so that W nV = {x}, then p and z are 
distinct points in {x}', so {x}' is a Cayley line and hence intersects in a 
single point y. Since p and x are distinct points of {y}', {y}' is a Cayley line. 
It follows that the set of minimal geodesies from p to x is contained in {y}'. 
Thus n~^(x) is contained in the unit tangent sphere >S'{?/}p to {y}' at p. But 
since both of these sets are homotopy 7-spheres they must coincide, compact 
Since SlyYp is totally geodesic in SMp, n~^(a;) is as well. This proves the 
"if" part of (i). 

On the other hand, if x G Gy, then by Lemma || there is a unique point 
a{x) G so that dist{x,a(x)) = |. Since x,p G {a(a;)}', {a{x)y is a Cayley 
line. By Proposition x = {a{x)y fl V. This proves the "only if" part 
of (i). Since dist{x,a{x)) = dist{a{x),p) = dist{p,x) = f it also proves the 
"only if" part of (ii). 

To prove the "if" part of (ii) note that x,y E {m}', m,y E {x}', and 
m,x G {y}' ■ So {m}', {x}', and {?/}' are all Cayley lines, and x, for example, 
is good since x = {m}' fl {y}' ■ □ 

The Radius Rigidity Theorem would follow if we could show that there is 
a Cayley line V so that every point in V is good. We will do this by finding 
Cayley lines with good points in sets that are isometric to spheres of constant 
curvature 4 of progressively higher and higher dimension. Since each point in 
M lies on at least one Cayley line, we can certainly find a countably infinite 
family of Cayley lines {Vi}'^^. Next we observe that there is a Cayley line 
W so that 

card {W n Vi}Zi 

is infinite. Indeed if card {W fl Vi}'^^ were finite, then there would be an 
infinite set and a point x so that W fl Vi- = {x} for all j. But then 
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{x}' is a Cayley line and the points {x}' fl Vi- must all be distinct. So we can 
find a Cayley line (let's call it V) with infinitely many distinct good points. 
It follows that the set of good points in V contains an accumulation point 
and hence, using Lemma ^ and the fact that Gy is closed, the image of an 
entire geodesic. 

To prove the Radius Rigidity Theorem we argue by contradiction. It 
follows from the main lemma that the set of good points in each Cayley line 
is either discrete, an entire geodesic, or a sphere of constant curvature 4. 
Let y be a Cayley line whose set of good points has maximal dimension, d. 
We've seen that d > 1, and if the Radius Rigidity Theorem were false, then 
we would know d < 7. Consider the configuration C consisting of all Cayley 
lines of the following types: 

type 1 V, 

type 2 All the Cayley lines between the good points of V and V, 

type 3 For each W of type 2 we also include all of the Cayley lines between 
each of the good points of W and W that are neither of type 1 nor of 
type 2 . 

We point out that if W is of type 2, then W is a good point of V, and if 
[/ is a line of type 3 between a good point of W and W, then U' is a good 
point of W. 

Suppose we could find a Cayley line Z that is not included in the config- 
uration above. Then either, 

ZnV ^Gvoi 

znv eGv 

But neither of these is possible. The first can not occur because Gy consists 
of all of the good points of V. On the other hand, if Z r\V e Gy, then 
{Z n Vy is a line of type 2, and Z is a Cayley line between {Z fl V)' and 
Z nV, implying that Z is of type 3, a contradiction. Therefore, 

C contains all of the lines of M. (32) 

Next we prove 
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Lemma 33 We may assume that dim Gu = d for every line U in the con- 
figuration. 

Proof: We prove this in a step by step manner. 

We know that there is at least one hne of type 3, since otherwise the 
configuration would only be 8-dimensional in a neighborhood of a bad point 
of V and hence would not cover M. Since all of the lines of type 2 intersect 
at V, they must intersect at distinct points of each line of type 3. Thus 
dim Gu > 1 for all lines of type 3, and if f/ is a line of type 3, then there are 
infinitely many lines between U and U' G Wq, where Wq is a line of type 2. 
Since all of these lines intersect at U' they must intersect each line of type 
2 (other than Wq) in infinitely many places. Therefore dim Gw > 1 for all 
lines W ^ Wq of type 2. Since the set of all good points in M is closed, 
dim Gwq > 1 as well. 

For each point v G Gy, the set = {lines U in the configuration | v G 
U } can be topologized by declaring that it is homeomorphic to G^yy . We will 
show that for each v G Gy, = {lines U in Ly \ dim Gu = d} is both closed 
and open. Since G and U^,gG^L^ = C, it will follow that dim Gu = d 
for every line in the configuration. Let {f/?} be a sequence in which is 
converging to a line U in Ly. Then by passing to a subsequence if necessary, 
we may assume that {Gui} converges (in the classical Hausdorff topology) 
to some subset G of U (cf Theorem 4.2 in [Mi]). By the main lemma, G 
is isometric to 5''^(|), and by Proposition ^ G C Gu- In fact G = Gu by 
the maximality of d. So is closed. To see that it is open, let U in 
and let W & Ly he close to U. Consider the set L{U, U') of lines between 
U and U' . Each u G Gu is on exactly one line Zu G L{U., U'), and the map 
Gu — ^ Gw given by u i — > Z^HW preserves distances up to small additive 
error. It follows from the main lemma and the maximality of d that if W 
was originally chosen to be sufficiently close to U, then Gw is isometric to 

Consider the following subset of TM. 
TG\vin/2) = 

{v G TMlcy I [It'll < 7r/2 and v is tangent to a line in the configuration}. 

If the Radius Rigidity Theorem is false, then exp : TC\v{^) — > C is a 
surjective Lipshitz map, and the set of points in M whose inverse image is 
a singleton is an open and dense set. Indeed, exp is surjective since the 
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configuration has to cover M, and exp has unique preimages on M\Gm- 
The set M\Gm is open and dense, since Gm consists of points of the form 
U' where f/ is a hne in the configuration, and the points of this form all lie 
in proper subspheres of lines of type 2. 

The fact that exp is surjective and Lipshitz yields a contradiction in case 
(i < 3 since it implies that diniHaus M < diniHaus 7'C|v(vr/2) < 3+3+8 = 14. 

The case 5 < d < 7 is also easy to eliminate since in this case dimTC\v{\) > 
5 + 5 + 8>16 = dim M. So it is impossible for exp \tc\v to have unique 
preimages on an open dense set. 

The case (i = 4 is also not possible, but it is much harder to rule out. 
We will get a contradiction in this case by showing that there is {S^ x S^)- 
bundle E over S"^ and a degree 1 map from E to M. To see that this is a 
contradiction, note that a spectral sequence argument shows that if E is any 
{S^ X ^8)-bundle over ^^ then 

H*{E) = H*{S^xS^xS^). (33) 

Since H*{M) = H*{CaP'^), the existence of a degree 1 map E — > M implies 
that the fundamental cohomology class in E has a square root, and a simple 
algebraic argument combined with (RBI) shows that it does not. 



Proposition 34 If d = 4, then Gm is a totally geodesic suhmanifold of M 
that is isometric to HP^ with its canonical metric with 1 < sec HP^ < 4. 

Proof: For any line f/ in C we can let U play the role of V and define a 
configuration Cu consisting of lines of type lu, 2(7, and 3u in a way analogous 
to what we did on page [l^. Of course assertion (|3^) is valid for each Gu, 



and for each such configuration Gu, Gm = a line of type 2u since 
otherwise there would be a line not included in Gu- 

Now let u and w be two points in Gm- Since w must lie on a line of type 
2{„}/, there is a Cayley line Z containing u and w- Since Gz is isometric to 
5*^(1), we can find a geodesic in Gz between u and w- Using Lemmaj^ and the 
fact that Z is totally vr-convex we see that if dist{u, w) < | then the geodesic 
constructed above is the unique geodesic in M between u and w- This shows 
that Gm is totally —convex and hence, by [CGI], a topological manifold with 
boundary and smooth, totally geodesic interior. But the above construction 
also indicates that every geodesic in Gm can be indefinitely prolonged (to a 
geodesic in Gm)- Therefore dGM = 0- Thus Gm with its intrinsic metric is 
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a Riemannian manifold with sectional curvature > 1 and diameter = |. The 
proposition follows by analyzing the structure of the dual sets in Gm and 
applying the classification theorem in [GGl]. □ 

To construct E, first let E' = {v e T(7|y(f) | \\v\\ = 1}. Let pe' : 
E' — > Gy be the restriction of the projection map of TC|y(|). Given any 
V E Gy, PEyiv) = Il~^{G{yy), where 11^, : SM^ — > {v}' is the Riemannian 
submersion discovered by Gromoll and Grove. Since G^^y is contractible in 
{v}', U^ljj-if^Q^ is trivial. This shows that that E' is an S''' x S'^-bundle over 

Gy- The desired bundle E will be obtained by suspending the "5''' parts" of 
the fibers of E'. To help see that this can be done we prove 

Lemma 35 There is a bundle ^ Q Gy and a bundle S"^ E' 
Q so that pe' = Pqo Pe',q- 

Proof: Let P = {v e NGy C TGm \ \\v\\ < f }, and let Q be the double of 
P (cf [Mu]). For convenience we distinguish between the two copies Pi and 
P2 of P in Q by setting 

if V G Pi 
iiveP2 

For i = 1,2, let pp. : Pj — > Gy be the the projection map of Pj. By 
setting 




a o ppi(f) if f G Pi 
a o pp^iv) if f G P2 



we see that Q is an S'^-bundle over Gy. (Here a is the antipodal map of Gy.) 
We can even define an exponential map expg : Q — > M by setting 



expQ' 



Using the definition of || ■ \\q. Lemma and the definition of double ([Mu]), 
it is easy to check that expg is well defined even when \\v\\q = j and smooth 
even when ||f ||q = 0, |, |. 

Let Pe',q '■ E' — ^ Q be the map such that pe\q{u) = x if and only if 
u G TyU for the Cayley line U and v G Gy, x G Pq^{v), and expg x = f/njw}'. 
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Pe',q is smooth onp^,^Q(expQ^(GM\^')) since on this set it is the composition 
of the smooth map exp^^ with the map E' — > M given by e i— > exp |e. It 
is also clear that 

(i) Pq°Pe',q =Pe', and 

(ii) the restriction of Pe',q to a fiber p'^{v) of is expg^ on„. 

Since PE',Q\p-] (expg^(GM\v^')) smooth, it follows from (i) and (ii) that it is 
a submersion. Given any point x e p^{v) C Q, P'e^ q{x) = E' (1 TUy where 
U is the Cayley line between expgx and v. So E'l^-i (exp-i(GM\v")) '^^ 
bundle with projection map Pe',q- 

It remains to find bundle charts for pe',q about points in expQ^(y). Let 
$ be the geodesic flow of M. Observe that 

Ps^qi^'^PQ^i^')) — {u E E' \ uis tangent to a hue of type 2} 

and that the map PE^QiexpQ^iV')) — > Ily}{Gv) given by -u i— ^^{u) is 
a diffeomorphism which commutes with the obvious projection maps onto 
Gv- This shows that E'\-i is a trivial 5"^ bundle over Gy- The 

0-section sq of P2 provides a way of identifying expQ^(l^') with Gy, and 

Pe',qIp-i (exp-i(y')) ^ *o ° ^°PE'\p-\A'^-Po\y')V ^° ^ diffeomorphism 

which commutes with the projections onto expQ^(V^'). 

It follows from (ii) that the restriction of Pe',q to any fiber of pe' is a 
fiber bundle with fiber 5"^. In fact, given any fixed v e Gy, we can extend 
V'lp-i^(.ooa(.)) to a chart 

p-E',Q{P2npQ'{v)) ^ {P2npQ\v)) X S'. 

by using the holonomy dispacement maps of 11^ given by the radial geodesies 
in {v}' emanating from V. Clearly the ■^^'s vary continuously with v. So 
given any open disk U C Gy we get a bundle chart 

Pe',q(^2 npQ\u)) ^ p, npQ\u) X s' 
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by setting iJu{x) = V'p^,(^.)(x). □ 

Let E be the S'^-bundle over Q obtained by suspending the fibers of S*^ 
E' Q. We think of E as the quotient space obtained from E' x [0, |] by 
the equivalence relation 

(ei, t) ~ (e2, s) only if t = s. 

(ei, 0) ~ (62, 0) if and only if Pi?',Q(ei) = ^^'.^(ea) 

(ci, f ) ~ (62, f ) if and only if PE',Qiei) = PE',Q{e2) 

for < t < |, (ci, t) ~ (e2, t) only if Ci = 62 

Since E is an S^-bundle over Q and Q is an S^-bundle over Gy, ii^ is an 
5"^ X S^-bundle over Gy- We get the desired map ip : E — ^ M by setting 
'?/'[(e, t)] = exp(te). (Here [(e, t)] denotes the equivalence class of (e,t) in E.) 
That is well defined follows from Lemma H. That ip is degree 1 follows 
from the properties of exp : TC\v{^) — ^ M. 



4 The Nonsimply Connected Case 

Let M satisfy the hypotheses of Theorem ^ As we indicated in the intro- 
duction the classification theorem in [GGl] applies to M. In particular, we 
know that M is either isometric to a space form or the quotient of CP^^~^ 
in Theorem @(ii) . 

Suppose M is a space form, O is an orbit of the action of F on S'", and 
p : 5" — > M is the universal covering map. Then since rad M = |, we can 
find a dual pair (A, A) in M with p{0) G A. Since A is totally vr-convex 
so is i = p-^{A). Since dA = % (2.5, 3.4, and 3.5 in [GGl]), (9i = 0. A is 
therefore, a F-invariant, great subsphere of S*" that contains O. 

On the other hand, if /T is a space form and an orbit O of F is contained 
in a proper, invariant, totally geodesic subsphere, , then ^4(5''^) = {x G 
S"" I dist{x,S^) = |} is also invariant. Hence dist{p{0),p{A{S''))) = |, and 
rad S"'/r = |, if every orbit of F is contained in a proper, invariant, great 
subsphere. 

To complete the proof of Theorem ^ it remains to show that the space in 
(^, ii) has radius = |. The orbit of an arbitrary point for the corresponding 
action on 5"^*^"^ is 

{Zi, Z2, ■ . . , Z2d) ^ ijd+l^ ■ ■ ■ ,^2d, —Zl, . . . , —Zd) ^ {—Zi, . . . , —Zd, —Zd+l, . . . , —Z2d) ^ 
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{-Zd+1, -Z2d, Zl,---, Zd) ^ {zi,Z2,..., Z2d)- 

Thus each orbit (in S^'^~^) is contained in an invariant geodesic that is per- 
pendicular to the fibers of the Hopf fibration S*^ ^ gM-i — ^ (jp2d-i_ 
follows that each orbit in CP'^'^~^ is contained in an invariant geodesic. If 
7 : [0, tt] — y CP'^'^"^ is an invariant geodesic, then {image{'~f)y is also in- 
variant (and 7^ since d> 2). So the radius of the quotient is |. □ 

Now we focus on the proof of (|]). 
Proof of (i): Let p : F — > 0{n + 1) be a fixed point free representation 
that respects an orthogonal splitting Vi © V2 © ■ ■ ■ © of M""'"^ so that p|y. 
is irreducible for all i. It follows from Theorem 7.2.18 in [W] that dim Vi = 
dim Vj{= d) for all z, j. Suppose rad S^/p{T) = |. Then using (||, i) we 
can first find a proper, invariant subspace that is not a direct sum of V^'s 
and then an irreducible invariant subspace W that is distinct from all of the 
Vi's. The orthogonal projections Pi : W — > Vi are all p-equivariant, so by 
Schur's Lemma, they are either zero maps or isomorphisms. If they are all 
zero maps, then we have W C (Vi © V2 © ■ ■ ■ © Vfe)-*-, which is impossible. So 
at least one of the projections (say pi) is an isomorphism. If all of the other 
Pi's are zero maps, then we have W C (V2 © ■ ■ ■ © Vfe)-*-, which would imply 
that W = Vi, also impossible. So at least one other projection (say P2) is an 
isomorphism. Thus p\w is linearly (and hence orthogonally by Lemma 4.7.1 
in [W]) equivalent to both p\v^ and p\v2- 

Proof of (a): By (iv) it suffices to consider the case k = 2. In this case the 
action of p{T) on is orthogonally equivalent to a subaction p(T) of the 
Hopf action, and the Hopf fibration 5*^ ^ — > S"^ induces a Riemannian 
submersion ^ Syp{T) — > S^^). Thus rad S^piT) = rad Syp{T) > 
rad S\l) = f . 

Proof of (Hi): Suppose there are points u,v E S'^^^ and members gi, g2, . . . , gd, gd+i 
of F so that {gi{u),g2{u), . . .,gd{u)} and {gi{v) , g2{v) , . . ■,gd{v)} are linearly 
independent and such that the sets of coefficients {ctj}, so that 

aigiiu) H h adgd{u) = gd+i{u) and 

bigiiy) H h hdgdiv) = gd+iiv) 

are distinct. It follows that the vector -^{gd+i{u), gd+i{v)) in M^'^ is not 
in the span of {^gi{u,v), ^g2{u,v), . . . ^gd{u,v)}. On the other hand, 
^d'^i''^^'^)^ ■ ■ ■ is linearly independent since its pro- 
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jection onto K'^ x {0} is {:^giu, -^92^, ■ ■ ■ -^gdu}. Therefore the set 

11 11 

i^9i{u, f ), ^92iu, v),..., ^9diu, v),-j=gd+i{u, v)} 

is hnearly independent, and we are be done by Theorem 4(i). But according 
to [W], the image of every irreducible representation of a fixed point free, 
nonabehan group F contains matrices of the form 



A 



\ 



V 



/ 



and B 



I 



en' 



\ 



1 



(35) 



where /, m, n' and r are as in Theorem 5.5.6 in [W] (and we have used 
complex coordinates). So it suffices to set m = (1, 0, . . . , 0), f = (0, 1, 0, . . . , 0), 
gi = Id,g2 = A,g3 = BA^g^ = ABA,...,gd+i = {BA)2. (Note that d is 
even.) (To quickly see that there are matrices of the form ( pSj) in the image 
of every irreducible representation of a fixed point free, nonabelian group, 
note that such matrices are in the image of every such representation of a so 
called "group of type 1" (Theorem 5.5.6 and 5.5.10 in [W]) and that other 
nonabelian fixed point free groups contain groups of type 1 as subgroups 
([W] pages 204-208).) □ 

Proof of (iv): View S'"+"'(l) as the join ^"(l) * S^^^{1), and view p © a as 
the join of p and a. Then every orbit of p © a is contained in the join of an 
orbit of p with an orbit of a. Since the orbits of p are all contained in proper 
invariant totally geodesic subspheres of S^, the orbits of p © a are contained 
in the joins of proper great subspheres of S"" with S'^"^. □ 
Proof of (v): For example, if k is so large that the order of F is less than 
n + 1, then every orbit is automatically contained in an invariant subspace. 
□ 



Appendix 

Here we prove Lemma Let UVS^^ and UHS^^ be the subbundles 
of VS^^ and HS^^, respectively, that consist of unit vectors. Set X = 7. 
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A\ : VSll, HSll, by A\v = A^v. 



Let and I be as in the statement of Lemma |17|, and define 



Proposition 36 Suppose Ky © L„ anc? © are orthogonal splittings 
of VS^^\^(^t) and HS^^\;^/(t) respectively so that A*xKy C Kh, A*xLy C Lh, 
AxKh C Ky, and AxLh C Ly. Letv G Ly^UV S^^\^{t) he such that \\Axv\\ = 
max^g2.i,nc/y5i5|^(t) ll^x"?^!!; and suppose that Axv = Xy, where y is a unit 
vector and A > 0. Then 

(i) Axy = -Xv, 

(ii) \\Axy\\ = max^gi^nc/H5i5|^(,) \\Axz\\> 
(Hi) A*x{v-^) C y^, and 

(iv) Axiy^nHS^^) C v^. 

Proof: If (i) is false, then Axy = X^w for some unit vector w & Ly that is 
different from v and —v. Note that 

|A^| = \Xu,{w,w)\ > \Xy,{w,v)\ = \{Axy,v)\ = \{y,Axv)\ = \X\, 

and {Axw,y) = —{w,Axy) = —Xw, which contradicts the maximahty of 

If (ii) is false, then there is a horizontal unit vector yi G different from 
y and —y, a unit vector w E Ly and a Ai > A so that Axyi = Xiw. But 
then {Axw,yi) = —{w,Axyi) = — Ai, and this contradicts the maximality 
of \\Axv\\. 

If w is a vertical vector in v^, then {Axw,y) = —{w,Axy) = 0, by part 

(i). 

Similarly, if 2; is a horizontal vector in y-^, then {Axz, v) = —{z, Axv) = 0. 

□ 



Using Proposition ^ we can inductively construct an orthonormal basis 
for VS^^^^s^, {ui, . . . , Uk, Uk+i, . . . , U7} with the following properties: 

(i) {ui, . . . , Uk} is a basis for ker A*x, 

(ii) {uk+i, . . . , Uy} satisfies {AxUi, AxUj) = 0, for i 7^ j, and 
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(iii) for i = A; + 1, ... 7, AxUi = Xiyi for some unit vector yi and some Aj > 0, 
and AxVi = -XiUi. 

To construct {uk+i, ■ ■ ■ , m?} choose Uk+i so that 11 AxMfc+ill = niax^p[/y5i5 

7(t) 

and in general choose Mi SO that \\AxUi\\ = max^(,^span{u^,...,uk,uk+u-,u,-i})^nuvs^l, \\Axw\\. 

Let {i/i, . . . Di} be a completion of {Uk+i, ■ ■ ■ , Hi} to an orthonormal basis 
for n x^. Note that 

Ric{dU{X),dU{X)) = 
EUK{dIliX), E,) = El,K{dU{X), dU{y,)) (37) 

Using the Horizontal Curvature Equation, (^) becomes 

El,K{X,E,) + 3\\AxE,\\^ = El,K{X,y,) + 3\\Axy^f . (38) 

And since the sectional curvature of S^^ is constant, (|38|) becomes 

J:l,\\AxE,f = J:lAAxy^f. (39) 

Using ( p9D and the properties of the Wj's we see that 

j:U\\AxE,it)f = J:l,\\Axu,f. (40) 

For our given orthonormal basis {Vi{t), . . . ,Vi{t)} for VS^^\^(^t) we have 
AxVjit) = T,iAx{Vj(t),Ui)ui. Therefore 

s,||AxF,(t)f = i:,i:,{v,{t),u,)^\\Axu,f = 
j:,{j:,{v,it),u,f)\\Axu,f = j:l,\\Axu,f. 

Combining this with (|19D and (]40|) completes the proof of (|22|). 
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